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We find the D( — 1) and Dl-brane instanton contributions to the hypermuhiplet moduli space of 
type IIB string compactifications on Calabi-Yau threefolds. These combine with known perturbative 
and worldsheet instanton corrections into a single modular invariant function that determines the 
hypermuhiplet low-energy effective action. 
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The absence of a complete nonperturbative formula- 
tion of string theory is its main shortcoming as a full- 
fledged quantum theory unifying all known fundamen- 
tal interactions. Empirically, perturbative weakly cou- 
pled string theory does not give a detailed description 
of our universe; consequently, the understanding of non- 
perturbative phenomena is essential to making possible 
a detailed confrontation of string theory and experiment. 
Generally, it is difficult to obtain exact information about 
nonperturbative structures. However, in special cases 
such as those presented here, the symmetries and du- 
alities of the theory are powerful enough to fix the exact 
couplings in the low-energy effective action. 

The examples we consider are provided by type II 
string compactifications on Calabi-Yau threefolds (CY), 
where the four-dimensional effective actions are con- 
strained hy M — 2 supersymmetry. The massless fields 
are components of a supergravity multiplet, vector multi- 
plets, or hypermultiplets. Their scalar fields parametrize 
moduli spaces M\m and Mwm, respectively, which lo- 
cally form a direct product []|. The special geometry of 
A^VM is determined by a holomorphic function F{X) 
The exact expression for this function includes perturba- 
tive and worldsheet instanton corrections in the inverse 
string tension a', which can in principle be computed by 
mirror symmetry, see e.g. [3. (See Fig. n for details.) 

On the other hand, the string coupling constant gs is 
set by the vacuum expectation value of the dilaton, whose 
four-dimensional reduction belongs to a hypermuhiplet. 
Thus A^HM receives both perturbative and nonpertur- 
bative gs corrections. Building on earlier work 
the perturbative corrections have recently been under- 
stood in 0. The nonperturbative corrections arise in 
the IIA case from Euclidean D2 or NS5-branes wrapping 
around supersymmctric three-cycles or the entire CY, re- 
spectively, and in the IIB case from D(— l)-instantons as 
well as Dl, D3, D5, and NS5-branes wrapping holomor- 
phic cycles in the CY Q . Little is known about summing 
up such corrections - see however Q for some results 
in the limit where gravity decouples. 



In this letter, we use the constraints from supersym- 
metry and the SL(2, Z) duality symmetry of IIB string 
theory to determine the full D(— 1) and Dl-brane instan- 
ton corrected low-energy effective action for hypermulti- 
plets in type IIB compactifications on CY. This provides 
a large class of four-dimensional J\f — 2 supergravity the- 
ories where exact results are obtained to all orders in 
both a' and gs', such results were not available in four 
dimensions previously. 

Similar ideas were applied in [l^, 11, 12, [3] to ob- 
tain instanton corrections to higher dimensional effec- 
tive actions: D(— 1) contributions were understood from 
the modular invariant completion of the i?^ terms in the 
ten-dimensional effective action, where they are linked 
to perturbative a' corrections. The Dl-branes belong to 
the SL(2,Z) multiplet formed by (p, (7)-strings l4 Il5j. 
Therefore their instanton contributions can be found 
by applying SL(2, Z) transformations to the worldsheet 
instanton contributions, which arise from fundamental 
strings wrapping two-cycles of the compact space. 

Hitherto, implementing these dualities on the four- 
dimensional hypermuhiplet moduli space has been ham- 
pered by the complicated quaternion-Kahler geometry 
HM- In recent years, however, it has become 
clear that, as for the vector multiplet case, hypermuhi- 
plet couplings to A/" = 2 supergravity are determined by 
a single function xi4>) Eli 3 Moreover, when only 
D(— 1) and Dl-branes are present, enough Peccei-Quinn 
shift symmetries in the RR sector remain unbroken so 
that the hypermuhiplet sector can be described in terms 
of tensor multiplets. Projective superspace methods 
and the superconformal tensor calculus [lit can then be 
used to encode the off-shell tensor multiplet couplings 
in terms of a potential x'- After dualizing tensors into 
scalars, x* coincides with x(0)- This allows us to find 
the nonperturbative D(— 1) and Dl-instanton corrected 
low-energy effective action by imposing the constraints 
coming from supersymmetry and SL(2,Z) invariance on 
X*. In contrast to the vector multiplet prepotential, the 
potential x* is real and therefore receives contributions 
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from both instantons and anti-instantons. 

At string tree-level, the c-map 
relation between x* and the vector prepotcntial of the 
T-dual compactification on the same CY The IIB 

hypermultiplet sector is thus determined by the holomor- 
phic prepotential F{X) of IIA vector multiplets. This 
prepotcntial describes the complexified Kahler deforma- 
tions of the CY and consists of three parts. The first one 
encodes the classical geometry and is given by 



Fcl[X) = — Kabc 



X^ 



(1) 



where X^ = {X^jX""} (with a running over h^'^ val- 
ues) are the complexified Kahler moduli and Kabc are the 
(classical) triple intersection numbers. This prepoten- 
tial receives two kinds of quantum corrections: a per- 
turbative a' correction proportional to the Euler number 
2(;ii'i - /ii'2) of the CY, 
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i^pt(x) = k(3)x£ {xy 



(2) 



and nonperturbative worldsheet instanton contributions 



{ka} 



(3) 



where the n^^ are genus zero Gopakumar-Vafa invariants 
23I . 24 1 that enumerate the rational curves of class ka in 
the CY (see, e.g., Q). The polylogarithm appearing here 
is defined as Lis(x) = X]n>o"~''^"- 

The c-map relates F{X) to the T-dual tensor multiplet 
Lagrangian density C in superspace [2^ : 



C{v',v',x') = Im 



dC F(r/^ 



27ri C 



(4) 



Here the 77^ = /C + - v^C, I = (0, A), are A/" = 2 
tensor supermultiplets, C is a local coordinate on the Rie- 
mann sphere, and the integration contour C encloses one 
of the roots of Cry". The Lagrangian ^ belongs to 
the general class of superconformal tensor multiplet La- 
grangians, which are based on an arbitrary function of 
the r]^ homogeneous of degree one [l^ . The correspond- 
ing tensor potential (which depends on the tensor multi- 
plet scalars u^, u^, only) can be computed via [Tit 



x\v^,v^,x') = x'd^iC~C 



(5) 



In this formulation the physical scalar fields of the 
Poincare theory are given by 811(2)^ and dilatation 
invariant combinations of the tensor multiplet scalars. 
The latter can be grouped into SU(2)i{ vectors = 
{2v\ 2v\ x^) with ■ r'' = ^v^^v'^'' + x^ x'' . Taking the 
superconformal quotient, one obtains the following iden- 
tifications [l^l: the dilaton-axion system r = a-l-ie"'^^" = 
Ti + ir2 can be expressed as 



(rO 



(6) 



while the complexified Kahler moduli and the remaining 
RR scalars are given by [2^ 



= ¥' + it" 



^?°(C+) 



(r X r ) 



(7) 

Substituting (g]) into (O and expressing the result in 
terms of the physical fields, the tensor potential can be 
computed (after a numerical rescaling of r'' = |r "j) 



X 



= \/2r°T2 Im(Fi(z) + z^Fai^z)) , 



(8) 



where Fa = dF/dX^. Note that the dependence of 
X* is completely fixed by its superconformal weight. 
The tensor potential 



X Xci ^~ Xpt ^~ Xws 



(9) 



describing the tensor multiplet geometry at string tree- 
level is then obtained by evaluating ([5]) for F — Fc\ + 
Fpt + Fws . The classical prepotential ([T]) gives rise to 



Xcl 



(10) 



with V{t) — ^Kabct"'t''t'^, the perturbative a' corrections 
yield 

2V2 x^t = '^V C(3) r| , (11) 
and the worldsheet instanton corrections give 



V2 



Xws 



J2 rik^ Re(Li3(e™) + W2 Li2(e™)) 



{ka} 



(12) 

with w = wi + iw2 — 2-KkaZ°' . 

We now proceed to implement the SL(2,Z) duality, 
and then verify that the resulting nonperturbative com- 
pletions of pO| - p2| indeed satisfy the supersymmetry 
constraints. The action of the modular group on the 
physical scalar and tensor fields has been worked out in 
[26|. On the scalar fields, the S generator acts as 



T 

while the T transformation shifts 

Tl l-^ Tl + 1 , c" I— 



If" 



b\ (13) 



(14) 



and leaves the other scalars invariant. This action is in- 
duced by linear transformations of the tensor multiplets 
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V 



brf + ari^ , rf ^ rf , (15) 



where the integers a, 6, c, d are the entries of the SL(2, Z) 
transformation matrix and obey ad — be = 1. In particu- 
lar, (jlSp implies that under S transformations 1— > |r|r°. 
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IIB/X IIA/X IIB/X 



XvM MiM M^M -Mhm M^m M^m 

- a', 5s a' Qs - a', Qs 
I t I t 



Mirror symmetry T-duality (c-map) 

FIG. 1: Dualities relating vector and hypermultiplet moduli spaces arising in CY compactifications of type II strings. The moduli spaces 
for vector and hypermultiplets are denoted by A^vM and AIhMi respectively, with their dimensions below in terms of the Hodge numbers 
h^'^ and h}'^ of the CY X or its mirror X with h^'^{X) = h^'^{X). The lines below indicate the kind of quantum corrections as well 
as some of the dualities that relate the various moduli spaces. Mirror symmetry is the statement that -^yj^^jjjyj = -^vM/HM' 

c-map determines M^l^ at string tree-level in terms of Xiy^ . 



The IIB hypermultiplet effective action should be in- 
variant under the SL(2,Z) transformation of the four- 
dimensional fields. In other words, the SL(2, Z) transfor- 
mations (fT3|) and (fT4|) should act as discrete isometrics on 
the quaternion-Kahler metric underlying the hypermul- 
tiplet sector. As such they should lift to invariances of 
the (hyperkahler) potential xi4>) [l3 ^^'^ x'- Note that 
this condition is more restrictive than in the Kahler case, 
where invariance of the metric requires invariance of the 
Kahler potential only up to a Kahler transformation. 

Let us examine the modular properties of the ten- 
sor potential ([9]). From the transformations (fT3|) . ([M]) 
and (fT5|) it follows that the classical part PTI| is indeed 
SL(2, Z) invariant, which is consistent with the invariance 
of the classical tensor multiplet action. 

The perturbative tensor potential pip , however, is not 
modular invariant by itself. The form of its modular 
invariant completion becomes apparent after including 
the perturbative string loop correction 0, [l^ 



Xi -loop 



C(2) 
V2 



(16) 



Adding this to ([TTjl gives the perturbatively corrected 
tensor potential 

2V2xl[ = XEr"V^ (C(3) rf 2 + 2C(2) r"^/^) . (17) 

Inside the brackets one recognizes the first two terms in 
the expansion of the nonholomorphic Eisenstein series 



^3/2(t,t) = 



' T. 



3/2 



(18) 



where the primed sum is taken over all integers (m, n) e 
Z^\(0,0). This series is naturally generated by apply- 
ing the method of images to (fT7| . Because the prefactor 
is SL(2, Z) invariant, the modular invariant com- 



pletion of p?)) is 



2V2 



XE 



(19) 



This expression encodes the perturbative and the full 
nonperturbative D(— l)-brane instanton corrections to 
the four-dimensional hypermultiplet effective action. Af- 
ter Poisson resummation (with Ki the modified Bessel 
frmction of first order) 



'z o/■^Q^ 3/2 , _i/2 1/2 

%2==2C(3)t2' +— ^2 +8TTT2' X 



7n=i0,n>0 



m 
I n 



g2,rmmri^^(27r|mn|T2) 



(20) 



we find terms that are exponentially suppressed at large 
T2; these have a clear interpretation as D(— l)-brane in- 
stanton contributions. This is analogous to the ten- 
dimensional IIB case, where the perturbative and D(— 1)- 
brane corrections combine into -v/t^^3/2 to give the mod- 
ular invariant and supersymmet ry p reserving prefactor of 
the terms (in string frame) |10l. Ill| 



As for the perturbative correction in pT|) discussed 
above, the nonperturbative term Xws i^ot SL(2,Z) in- 
variant. This was to be expected, since xlvs contains the 
contributions of the fundamental string wrapping super- 
symmetric cycles of the CY, whereas the other contribu- 
tions from (p, (7)-strings in the same SL(2,Z) multiplet 
are missing. These can be taken into account by sum- 
ming Xws over all its SL(2,Z) transforms, modulo the 
stabilizer group Too generated by T. The result is 



3/2 



{fea} 



X (1 + |mT + ?i|?i;2) ' 



with instanton action 



Sm,n = 2Trka{\mT + n\t°' — im c° — in b°-) 



(21) 



(22) 



The potential (|2ip encompasses all instanton corrections 
due to wrapped F- and D-strings as well as their bound 
states. Indeed, and p^ imply 



5. 



S—n,m 1 (23) 
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which are precisely the SL(2, Z) transformations of the 
(p, (7)-string action [l^ . Note that the instanton correc- 
tions (pij) are completely fixed by the topology of the 
underlying CY through its Gopakumar-Vafa invariants. 

Finally, we must verify that the modular invariant ten- 
sor potentials constructed above satisfy the constraints 
arising from supersymmetry [l^. The key observa- 
tion is that the supersymmetry constraints, when for- 
mulated at the level of x', transform covariantly under 
global general linear transformations of the tensor mul- 
tiplets rj^ 1-^ J 1]"^ , with A € GL(?i,M). In particular, 
the SL(2,Z) transformations p5|) are embedded in this 
group, and hence commute with supersymmetry. Thus, if 
we start with the supersymmetric potentials Xpt Xws 
and add their SL(2, Z) transforms, the sum is also super- 
symmetric. Consequently, the modular invariant tensor 
potential 



X 



t I t I t 
Xci + X(-i) 



(24) 



leads to a supersymmetric tensor multiplet Lagrangian. 

We conclude with some remarks. A crucial ingredient 
in our derivation has been the off-shell tensor multiplet 
formulation of the low-energy effective supergravity ac- 
tion. After dualizing the tensors into scalars, one obtains 
the nonperturbative corrections to the hypermultiplet 
moduli space, together with additional isometrics act- 
ing as continuous shifts on the dual scalars. These shift 
symmetries will however be broken by three-brane and 
five-brane instantons, which have not been included in 
our work. The main reason is that this sector transforms 
into itself under SL(2,Z): D3-branes are selfdual, and 
D5-branes are mapped into NS5-branes and vice versa. 
Hence, they cannot be generated from the D(— 1), Dl- 
brane and worldsheet instantons with the method used 
in this letter. To determine these corrections as well, 
a better understanding of the full duality group beyond 
SL(2, Z) is needed. This U-duality group acts nontriv- 
ially on the hypermultiplet moduli space and will trans- 
form all instanton corrections into each other. Imple- 
menting the full symmetry group will require new meth- 
ods beyond the ones used in this paper (see [1^ for a 
speculation on how some such corrections might be de- 
scribed). We leave this as an open problem, whose solu- 
tion will undoubtedly contribute to a better understand- 
ing of nonperturbative string theory. 
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